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A COMPACTNESS RESULT FOR AN EQUATION WITH HOLDERIAN CONDITION. 


SAMY SKANDER BAHOURA 


Abstract. We give blow-up behavior for a Brezis and Merle’s problem with Dirichlet and Hdlderian condi¬ 
tions. Also we derive a compactness creterion as in the work of Brezis and Merle. 
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1. Introduction AND Main Results 


We set A = — (5ii + 822 ) on open set of with a smooth boundary. 


We consider the following equation: 


iP) 


Au = V{1 + |x|2^)e“ in Q C 


u = 0 


in dQ. 


Here, we assume that: 


and, 


0 G 90, /3 G [0,1/2). 

0 <V <b< +CX3, e“ G L^{Q) and u G Wq^’^(O), 


We can see in [8] a nice formulation of this problem (P) in the sens of the distributions. This Problem 
arises from geometrical and physical problems, see for example [1, 3, 21, 24]. The above equation was 
studied by many authors, with or without the boundary condition, also for Riemannian surfaces, see [1- 
23], where one can find some existence and compactness results. In [7] we have the following important 
Theorem, 

Theorem A(Brezis-Merle [7]).For {ui)i and (V))* two sequences of functions relative to (P) with, 

0<a<Vi<b< +00 


then it holds, 

supuj < c, 
K 

with c depending on a, b, /?, K and Q. 


One can find in [7] an interior estimate if we assume a = 0, but we need an assumption on the integral of 
namely, we have: 
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Theorem B(Brezis-Merle [7]).For {ui)i and {Vi)i two sequences of functions relative to the problem (P) 
with, 

0 < Vi < b < +(X) and / e'^^dy < C, 

Jn 

then it holds; 


with c depending on b, 13, C, K and ri. 


sup Ui < c, 
K 


We look to the uniform boundedness in all Cl of the solutions of the Problem (P). When a = 0, the 
boundedness of is a neeessary eondition in the problem (P) as showed in [7] by the following eoun- 

terexample. 


Theorem C(Brezis-Merle [7]).There are two sequences {ui)i and {Vi)i of the problem (P) with, 


0 < Vi < b < +00 and / e^^dy < C, 

Jq 

such that, 

suprtj —)■ + 00 . 
n 


To obtain the two first previous results (Theorems A and B) Brezis and Merle used an inequality (Theo¬ 
rem 1 of [7]) obtained by an approximation argument and used Patou’s lemma and applied the maximum 
prineiple in whieh arises from Kato’s inequality. Also this weak form of the maximum prineiple 

is used to prove the loeal uniform boundedness result by eomparing a eertain funetion and the Newtonian 
potential. We refer to [6] for a topie about the weak form of the maximum prineiple. 

When /3 = 0, the above equation has many properties in the eonstant and the Lipsehitzian eases: 

Note that for the problem (P) (/3 = 0), by using the Pohozaev identity, we ean prove that is 

uniformly bounded when 0<a<Vi<6<+oo and ||VVi||L°° < A and Cl starshaped, when a = 0 and 
V log Vi is uniformly bounded, we ean bound uniformly Ve'^^ . In [20], Ma-Wei have proved that those 
results stay true for all open sets not neeessarily starshaped. 

In [10] (/3 = 0) Chen-Li have proved that if a = 0, VlogP* is uniformly bounded and Ui is loeally 
uniformly bounded in L^, then the funetions are uniformly bounded near the boundary. 

In [10] (/3 = 0) Chen-Li have proved that if a = 0 and is uniformly bounded and V log Pi is 

uniformly bounded, then we have the eompaetness result direetly. Ma-Wei in [20], extend this result in the 
ease where a > 0. 


If we assume V more regular, we ean have another type of estimates, a sup -|- inf type inequalities. It 
was proved by Shafrir see [23], that, if {ui)i, (Vi)i are two sequenees of funetions solutions of the previous 
equation without assumption on the boundary and, 0<a<Vi<6< -l-oo, then we have the following 
interior estimate: 

C [ — ] supttj -|- inf iij < c = c(a, b, K, 12). 

\ 0 / Q 
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One can see in [11] an explicit value of C 



In his proof, Shafrir has used a blow-up function, the 


Stokes formula and an isoperimetric inequality, see [3]. For Chen-Lin, they have used the blow-up analysis 
combined with some geometric type inequality for the integral curvature. 


Now, if we suppose (Vi)i uniformly Lipschitzian with A the Lipschitz constant, then, C{a/b) = 1 and 
c = c{a,b, A, K,Q), see Brezis-Li-Shafrir [5]. This result was extended for Hdlderian sequences (Vi)i 
by Chen-Lin, see [11]. Also, one can see in [18], an extension of the Brezis-Li-Shafrir result to compact 
Riemannian surfaces without boundary. One can see in [19] explicit form, (Syrm, m € W exactly), for the 
numbers in front of the Dirac masses when the solutions blow-up. Here, the notion of isolated blow-up point 
is used. 

In [9] we have some a priori estimates on the 2 and 3-spheres S 2 , § 3 . 

Here we give the behavior of the blow-up points on the boundary and a proof of Brezis-Merle Problem 
when /3 > 0 . 


The Brezis-Merle Problem (see [7]) is: 

Problem. Suppose that Vi ^ V in (7^(12) with 0 < < 6 for some positive constant b. Also, we 

consider a sequence of solutions (ttj) of (P) relative to (Vi) such that. 


e^^dx < C, 


is it possible to have: 


\ui\\Loo<C = C{b,(3,C,V,n)7 


Here we give a blow-up analysis for a sequence of solutions of the Problem (P) and a proof of compact¬ 
ness result for the Brezis-Merle’s Problem when /3 > 0. We extend the result of Chen-Li [10]. For the 
blow-up analysis we assume that: 

0 < Vi < 6, 

The condition 17 —> F in C^{Cl) is not necessary, but for the proof of the compactness result we assume 
that: 

\\VV\\l^<A. 

Our main result are: 

Theorem 1,1. Assume that max^ Ui -Voo, where (ui) are solutions of the problem (P) with: 

(3 G [0,1/2), 0 < 17 < 6 and / e^^dx < C, Vi, 

Jn 

then, after passing to a subsequence, there is a finction u, there is a number G N and N points 
xi,...,xm G dVl, such that, 

N 

duUi —7> dyU -V cxjdxji oij > dvr, weakly in the sens of measures on 00. 

1=1 

Ui^u in - {xi,..., xat}). 
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Theorem 1.2. Assume that {ui) are solutions of{P) relative to (Vi) with the following conditions: 

0 G 9!^, /3 G [0,1/2), 


and, 


we have, 


0<Vi<b, \\VVi\\L-- <A and / < C, 

Jn 


\ui\\L°° < c{b,f3,A,C,Q.), 


In the last theorem we extend the result of Chen-Li (/3 = 0). The proof of Chen-Li and Ma-Wei [10,20], 
use the moving-plane method (/3 = 0). 


2. Proof of the theorems 


Proof of theorem LI: 
We have: 


Ui G 

Sinee G L^{Q) by the eorollary 1 of Brezis-Merle’s paper (see [7]) we have G L^{Q) for all /c > 2 
and the elliptie estimates of Agmon and the Sobolev embedding (see [1]) imply that: 


We denote by d^Ui the inner normal derivative. By the maximum prineiple we have, d^Ui > 0. 
By the Stokes formula we have. 



dyUida < C, 


We use the weak eonvergenee in the spaee of Radon measures to have the existenee of a nonnegative 
Radon measure ^ sueh that. 



d„Ui(pda ^(</ 3 ), 


V (/? G C^{dn). 


We take an xq G dQ sueh that, ^(xq) < 47 r. For e > 0 small enough set f = B{xq, e) fl 512 on the unit 
disk or one ean assume it as an interval. We ehoose a funetion sueh that, 
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< 


'r/e = 1 , on 4 , 0 < e < < 5 / 2 , 
r/e = 0, outside l2e, 

I 0 < ??, < 1 , 


[ l|Vr/e||Loo(72^) < 


Co(r?,xo) 

e 


We take a 77 ^ sueh that, 


J Af/e = 0 in ri C 
1 fj^ = T]^ in dQ. 

Remark: We use the following steps in the eonstruetion of f]^: 

We take a eutoff funetion r/o in ^(0) 2) or B{xo, 2): 

1- We set 77e(x) = — xo|/e) in the ease of the unit disk it is suffieient. 

2- Or, in the general ease: we use aehart (/, Q) with /(O) = xq and we take fieix) = ? 7 o(/(|x|/e)) to have 

eonneeted sets and we take r]^{y) = Beeause /, f~^ are Lipsehitz, |/(x) — xo| < A: 2 | 2 :| < 1 

for |x| < 1/A:2 and |/(x) — xo| > A:i|x| > 2 for |x| >2jki > l/k 2 , the support of rj is in I{ 2 /ki)e- 


'77, = 1, on /(/(i/fc2)e), 0 < e < ( 5 / 2 , 
?7, = 0, outside f{I(2/ki)e), 

' 0 < 77, < 1 , 


[l|V77,||Loo(/^2/fci),) ^ 


Co( 0 ,xo) 

e 


3- Also, we ean take: 77,(x) = 77o(|x|/e) and 77 ,( 7 /) = y^{f~^{y)), we extend it by 0 outside /(f?i(0)). 
We have f{Bi{0)) = Di{xo), /(f?,(0)) = -D,(xo) and f{B^) = D^{xo) with / and f~^ smooth diffeo- 
morphism. 


' 77, = 1, on a the connected set 
77, = 0 , outside J' = /{he), 

' 0 < 77, < 1, 


IIV77, 




(70(0, xo) 


J. 


/(/,), 0 <e<6/2, 


And, i^i(J') < CiHi{l 2 e) = Ci4e, since / is Lipsehitz. Here Hi is the Hausdorff measure. 
We solve the Dirichlet Problem: 


At/, = A77, 
77, = 0 
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in 0 C 
in dQ. 



? 7 e + rj^. Also, by the maximum principle and the elliptic estimates we have : 


and finaly we set fj^ = — 


||Vr7e||L°° < C'(||r?e||L°° + ||V77e||L°° + ||Ar/el|L°°) < -o', 
with Cl depends on n. 

We use the following estimate, see [4, 8, 14, 25], 


||Vrxj||L? < Cq, V i and I < q < 2. 

We deduce from the last estimate that, (uj) converge weakly in iyQ^’'^(n), almost everywhere to a function 
u > 0 and e“ < +oo (by Fatou lemma). Also, Vi weakly converge to a nonnegative function V in 
The function u is in VFQ^’'^(n) solution of : 

I Au = 1/(1 + € L^(n) in nc 

I n = 0 in dQ. 

According to the corollary 1 of Brezis-Merle’s result, see [7], we have € L^(Q),k > 1. By the 
elliptic estimates, we have u € (7^(0). 

For two vectors / and g we denote hy f ■ g the inner product of / and g. 

We can write: 


A{{ui - u)fie) = (1 + |xp^)(l/ie“* - l/e“)f)e - 2V{ui - u) ■ Vfi^. 
We use the interior esimate of Brezis-Merle, see [7], 

Step 1: Estimate of the integral of the first term of the right hand side of ([1]). 

We use the Green formula between and u, we obtain. 


(1 + \x\^^)Ve^g^dx = / dyug^ < Ce\\dyu\\L°° = Ce 

i Jan 


We have. 


Aui = (1 + 

Ui = 0 


We use the Green formula between Ui and g^ to have: 
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in n C 
in dQ. 


( 1 ) 


(2) 



( 3 ) 


/ {I+ \xf^)Vie'^^fi^dx = / di^UiT]^da ^ < Att - eo, eo > 0 

Jn Jdn 

From ([2]) and ([3|) we have for all e > 0 there is ig = *o(e) such that, for i > ig, 


/ 1(1 + |x|^'^)(Vie“* —'Fe“) 77 £|(ix < dvr — eg + Ce (4) 

Jn 

Step 2: Estimate of integral of the second term of the right hand side of ([T]). 

Let Eg = {x € n, d{x, dQ) = e^} and = {x € fl, d{x, dQ) > e^}, e > 0. Then, for e small enough, 
Se is hypersurface. 

The measure of fl — is k2e^ < meas{Q — — flgs) < kie^. 

Remark: for the unit ball .6(0,1), our new manifold is 6(0,1 — e^). 

(Proof of this fact; let’s consider d{x, dQ) = d{x, ^;o), 2:0 G dQ, this imply that (d(x, zo))‘^ < (d(x, z))‘^ 
for all z € which it is equivalent to {z — zq) ■ ( 2 x — ^ — 2 ;g) < 0 for all z G dQ, let’s consider a chart 
around zq and 7 (f) a curve in dQ, we have; 

( 7 (f) — 7 (tg) • ( 2 x — 7 (t) — 7 (fg)) < 0 if we divide by {t — tg) (with the sign and tend t to fg), we have 
7 '(to) • (x — 7 (fg)) = 0 , this imply that x = zg — spq where pq is the outward normal of dQ at zg)) 

With this fact, we can say that S = {x, d{x, dQ) < e} = {x = zg — sz^^q, zg G (912, —e<s< e}. It is 
sufficient to work on cin. Let’s consider a charts (z, D = B{z, de^,), 7 ^) with z G dQ such that U 26 (z, e^) 
is cover of dQ . One can extract a finite cover (B{zk,ek)),k = 1,..., m, by the area formula the measure 
of S n 6 (zfc, Cfe) is less than a ke (a e-rectangle). Lor the reverse inequality, it is sufficient to consider one 
chart around one point of the boundary). 

We write. 



u) ■ Vfjf:\dx 


J 

Jn 


|V(tti — u) ■ Vij^ldx + 


'Q—Q 3 


|V(ui — u) ■ Vi)e|dx. 


(5) 


Step 2.1: Estimate of /q_q |V(uj — u) • V? 7 e|dx. 


Lirst, we know from the elliptic estimates that ||V7)e||Loo < C\/e^, C\ depends on O 

We know that (|Vtti|)j is bounded in 1 < q < 2, we can extract from this sequence a subsequence 
which converge weakly to /i G 6'^. But, we know that we have locally the uniform convergence to | Vm| (by 
Brezis-Merle’s theorem), then, h = |Vn| a.e. Let q' be the conjugate of q. 

We have, V/ G L‘^' {Q) 


1 




/ \Vui\fdx ^ / \Vu\fdx 
/ f! Jq 


If we take / = lo-o 3 , we have: 


for e > 0 3 = ii(e) € N, i> h, / |Vttj| < / |Vrt| + 

J Q. — O 3 — Q 3 


e . 


Then, for i > ii(e) 


'U—U 3 


|Vt(i| < meas{rL — 0^3)1 |Vtt||Loo -|- e'* = e'^(A:i||Vu||Loo + 1). 


Thus, we obtain. 


' £7—£7 3 


|V( 77 i — u) ■ Vry^ldx < eCi{2ki\\S/ u\\l°° + 1) 


( 6 ) 


The constant Ci does not depend on e but on If. 

Step 2.2: Estimate of ^ |V(tti — u) • V? 7 e|(ix. 

We know that, fie CC Q, and ( because of Brezis-Merle’s interior estimates) Ui ^ u in C^(n£3). We 
have. 


||V(Mi - u)||ioo(Q^ 3 ) < e^, for i > is = hi^)- 


We write. 


/£7„ 


|V(7ti - u) ■ S/fj^ldx < ||V(77i - 77)||ioo(n^3)||Vr)e||Loo < Cie for i > is, 


For e > 0, we have for i € N, i > max{ii, i 2 , is}, 


/£7 


|V(7ii — u) ■ Vi)e|(ix < 6(71(2^111 VuIIloo + 2) 


From dH) and ([7]), we have, for e > 0, there is is = is(e) G N, is = maxjio, ii, i 2 } such that. 


(7) 


/ |A[(7ti — n)i)e]|dx < 47r — eo + 62(71(2/0111X77711^00 + 2 + (7) 
Jn 


( 8 ) 



We choose e > 0 small enough to have a good estimate of ([T]). 
Indeed, we have: 


A[{ui - u)fi^] = gi^e in n C 
(ui — u)?!^ = 0 in do.. 



We can use Theorem 1 of [7] to conclude that there are g > g > 1 such that: 


X 


Ve(xo) 




< C{e,n). 


where, 14 (xq) is a neighberhood of xq in fl. Here we have used that in a neighborhood of xq by the 
elliptic estimates, 1 — Ce < < 1- (We can take B{xq, e^)). 

Thus, for each xq € — {xi,..., Xm} there is ex^ > 0, > 1 such that: 

f e'^“=o“*dx < C, Vi. (9) 

J B{xo,exQ) 

Now, we consider a cutoff function rj E such that 

r/= 1 on B{xo,€xo/ 2 ) and r/= 0 on — i?(xo, 2 ea;p/ 3 ). 


We write 


—A{uir]) = |x| ‘^°‘Vie^^ri — 2'S/ui ■ Vrj — UiArj. 

By the elliptic estimates (see [15]) (ttj)j is uniformly bounded in (14(xo)) and also, in C'^(14(xo)). 
Finaly, we have, for some e > 0 small enough. 


^*llci.e[B(xo,e)] < C3 V i. 


We have proved that, there is a finite number of points xi,..., Xm such that the squence (ttj)i is locally 
uniformly bounded (in C 0 ) in 17 — {xi,..., Xm}- 

Proof of theorem 1.2: 

Without loss of generality, we can assume that 0 is a blow-up point. Since the boundary is an analytic 
curve 7 (f), there is a neighborhood of 0 such that the curve 7 can be extend to a holomorphic map such 
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that 7 '( 0 ) 7 ^ 0 (series) and by the inverse mapping one ean assume that this map is univalent around 0. In 
the ease when the boundary is a simple Jordan eurve the domain is simply eonneeted, see [24]. In the ease 
that the domains has a finite number of holes it is eonformally equivalent to a disk with a finite number of 
disks removed, see [17]. Here we eonsider a general domain. Without loss of generality one ean assume 
that ) C n and also ^{B^) C (12)'^ and 7 (—1,1) C 9(2 and 7 is univalent. This means that (Hi, 7 ) is 
a loeal ehart around 0 for (2 and 7 univalent. (This faet holds if we assume that we have an analytie domain, 
in the sense of Hofmann see [16], (below a graph of an analytie funetion), we have neeessary the eondition 
9(2 = 9(2 and the graph is analytie, in this ease 7 (f) = with tp real analytie and an example of this 

faet is the unit disk around the point ( 0 , 1 ) for example). 

By this eonformal transformation, we ean assume that (2 = Bf, the half ball, and d'^Bf is the exterior 
part, a part whieh not eontain 0 and on whieh Ui eonverge in the norm to u. Let us eonsider H+, the half 
ball with radius e > 0. Also, one ean eonsider a domain (a reetangle between two half disks) and by 
eharts its image is a domain). 

We know that: 


Ui € C2’^(^). 

Thus we ean use integrations by parts (Gauss-Green-Riemann-Stokes formula). The seeond Pohozaev 
identity applied around the blow-up 0 see for example [ 2 , 20 , 22 ] gives : 



Aui{x ■ Vui)dx 



g{Vui)da, 


( 10 ) 


with. 


Thus, 


£/(Vui) 


{u ■ Vui){x ■ Vui) 


— X ■ V 
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e“‘(x • Vui)dx 


After integration by parts, we obtain: 


/ g{Vui)d(T, 
Jd+B+ 


( 11 ) 


'B- 


2Vi{l + (1 + j3)\x\^^)e^*dx + f x ■ Wi{l + \x\^^)e^*dx — [ u ■ x{l + \x\‘^^)Vie^*da = 

Jb+ JdB+ 


'd+B+ 


g{Vui)da, 


( 12 ) 


Also, for u we have: 
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2V{1 + {1 +P)\x\^^)e^dx + 



X ■ Vy(l + |xp^)e“(ix 



ly ■ x{l + \x\^^)Ve^da = 


h+Bt 


g{Vu)da, 


( 13 ) 


We use the faet that Ui = u = Q on {xi = 0} and Uj, u are bounded in the norm outside a neighborhood 
of 0 and we tend i to +oo and then e to 0 to obtain: 



Vi(l + \x\^^)e^*dx 


o(l) + 0(e), 


(14) 


however 


/ Vi{l + \x\^^)e^*dx = / d,yUida = ai + 0{e) + o{l) > 0. (15) 

J'riB+) Jd'f{B+) 

whieh is a eontradietion. 

Here we used use a theorem of Hofmann see [16], whieh gives the faet that 7 (-B+) is a Lipsehitz domain. 
Also, we ean see that 7 ((—e, e)) and 'y{d^B ^) are submanifolds. 

We start with a Lipsehitz domain beeause it is eonvex and by the univalent and eonformal map 7 the 
image of this domain 7 (H+) is a Lipsehitz domain and thus we ean apply the integration by part and here 
we know the explieit formula of the unit outward normal it is the usual unit outward normal (normal to the 
tangent spaee of the boundary whieh we know explieitly beeause we have two submanifolds). 

In the ease of the disk H = f), it is suffieient to eonsider B{0, e)r\D whieh is a Lipsehitz domain beeause 
it is eonvex (and not neeessarily 7 (H+)). 

There is a version of the integration by part whieh is the Green-Riemann formula in dimension 2 on a 
domain 0. This formula holds if we assume that there is a finite number of points yi,...,ym sueh that 
on — {yi ,..., ym) is a manifold and for tests funetions, see [2], for the Gauss-Green-Riemann-Stokes 
formula, for domains with singular points (here a finite number of singular points). 

Remark: Note that a monograph of Droniou eontain a proof of all faet about Sobolev spaees (with Strong 
Lipsehitz property) with only weak Lipsehitz property (Lipsehitz-Charts), we start with Strong Lipsehitz 
property and by 7 we have weak Lipsehtz property. 

References 

[1] T. Aubin. Some Nonlinear Problems in Riemannian Geometry. Springer-Verlag, 1998. 

[2] Ambrosio. L, Fusco. N, Pallara, D. Functions of Bounded variations and Free discontinuity Problems, Oxford Press. 2000. 

[3] C. Handle. Isoperimetric Inequalities and Applications. Pitman, 1980. 

[4] L. Boccardo, T. Gallouet. Nonlinear elliptic and parabolic equations involving measure data. J. Funct. Anal. 87 no 1, (1989), 
149-169. 


11 



[5] H. Brezis, YY. Li and I. Shafrir. A sup+inf inequality for some nonlinear elliptic equations involving exponential nonlineari¬ 
ties. J.Funct.Anal.ll5 (1993) 344-358. 

[6] Brezis. H, Marcus. M, Ponce. A. C. Nonlinear elliptic equations with measures revisited. Mathematical aspects of nonlinear 
dispersive equations, 55-109, Ann. of Math. Stud., 163, Princeton Univ. Press, Princeton, NJ, 2007. 

[7] H. Brezis, F. Merle. Uniform estimates and Blow-up behavior for solutions of —Au — V (a;)e“ in two dimension. Commun. 
in Partial Differential Equations, 16 (8 and 9), 1223-1253(1991). 

[8] FI. Brezis, W. A. Strauss. Semi-linear second-order elliptic equations in LI. J. Math. Soc. Japan 25 (1973), 565-590. 

[9] Chang, Sun-Yung A, Gursky, Matthew J, Yang, Paul C. Scalar curvature equation on 2- and 3-spheres. Calc. Var. Partial 
Differential Equations 1 (1993), no. 2, 205-229. 

[10] W. Chen, C. Li. A priori estimates for solutions to nonlinear elliptic equations. Arch. Rational. Mech. Anal. 122 (1993) 
145-157. 

[11] C-C. Chen, C-S. Lin. A sharp sup-l-inf inequality for a nonlinear elliptic equation in R^. Commun. Anal. Geom. 6, No.l, 1-19 
(1998). 

[12] D.G. De Figueiredo, PL. Lions, R.D. Nusshaum, A priori Estimates and Existence of Positive Solutions of Semilinear Elliptic 
Equations, J. Math. Pures et AppL, vol 61, 1982, pp.41-63. 

[13] Droniou. J. Quelques resultats sur les espaces de Soholev. Hal 2001. 

[14] Ding.W, Jost. J, Li. J, Wang. G. The differential equation Au = Srr — Siihe" on a compact Riemann surface. Asian J. Math. 
1 (1997), no. 2, 230-248. 

[15] D. Gilharg, N. S, Trudinger. Elliptic Partial Differential Equations of Second order, Berlin Springer-Verlag. 

[16] Hofmann, S. Mitrea, M. Taylor, M. Geometric and transformational properties of Lipschitz domains, Semmes-Kenig-Toro 
domains, and other classes of finite perimeter domains. J. Geom. Anal. 17 (2007), no. 4, 5937647. 

[17] Krantz, S. Geometric functions theory. Birkhauser. 

[18] YY. Li. Hamack Type Inequality: the method of moving planes. Commun. Math. Phys. 200,421-444 (1999). 

[19] YY. Li, 1. Shafrir. Blow-up analysis for solutions of —Au = Ue“ in dimension two. Indiana. Math. J. Vol 3, no 4. (1994). 
1255-1270. 

[20] L. Ma, J-C. Wei. Convergence for a Liouville equation. Comment. Math. Helv. 76 (2001) 506-514. 

[21] Nagasaki, K, Suzuki,T. Asymptotic analysis for two-dimensional elliptic eigenvalue problems with exponentially dominated 
nonlinearities. Asymptotic Anal. 3 (1990), no. 2, 173-188. 

[22] Necas, J. Direct Methods in the Theory of Elliptic Equations. Springer. 

[23] 1. Shafrir. A sup-l-inf inequality for the equation — Au = Ue“. C. R. Acad.Sci. Paris Ser. I Math. 315 (1992), no. 2, 159-164. 

[24] Stoker, J. Difeerential Geometry. 

[25] Tarantello, G. Multiple condensate solutions for the Chern-Simons-Higgs theory. J. Math. Phys. 37 (1996), no. 8, 3769-3796. 


Departement de Mathematiques, Universite Pierre et Marie Curie, 2 place Jussieu, 75005, Paris, France. 
E-mail address: samybahoura@yahoo.fr, samybahoura@gmail.com 


12 



